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Abstract. In this work, we investigate the proof theoretic connections between
sequent and nested proof calculi. Specifically, we identify general conditions under
which a nested calculus can be transformed into a sequent calculus by restructuring
the nested sequent derivation (proof) and shedding extraneous information to
obtain a derivation of the same formula in the sequent calculus. These results are
formulated generally so that they apply to calculi for intuitionistic, normal modal
logics and negative modalities.

1 Introduction

Contemporary proof theory can be traced to Gentzen’s seminal work [8] where analytic
proof calculi for classical and intuitionistic logic were presented. Proof calculi consist of
formal rules of inference which describe the logic under consideration; in an analytic
calculus, every formula that occurs in a proof generated by the calculus is a subformula
of the end formula being proved. Analyticity is crucial because it induces a structure
on the proofs (in terms of the end formula). This proof structure can be exploited to
formalise reasoning, investigate metalogical properties of the logic e.g. decidability,
complexity and interpolation, and develop automated deduction procedures.

The wide applicability of logical methods and their use in new subject areas has
resulted in an explosion of new logics different from classical logic; their usefulness
depends on the availability of an analytic proof calculus. The sequent calculus is the sim-
plest and best-known formalism for constructing analytic proof calculi. Unfortunately,
there are many natural non-classical logics—for example, most extensions of intuitionis-
tic and modal logic—for which the sequent calculus formalism is unable to provide an
analytic calculus (the precise reasons for this inability are still not well understood). In
response, many more new formalisms have been proposed, such as hypersequents [2112],
labelled sequents [6/18l], nested sequents [10L3] and linear nested sequents [14116]. This
work is primarily concerned with the nested sequent formalism which is obtained by
replacing the sequent in the sequent calculus with a tree of sequents.

While the trend has been towards developing formalisms with greater sophistication
in order to provide non-classical logics with analytic calculi, in this work we look in the
reverse direction by investigating which aspects of this sophistication are extraneous.
More specifically, we identify general conditions under which a nested calculus can
be transformed into a sequent calculus by restructuring the nested sequent derivation
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(proof) and shedding information to obtain a derivation of the same formula in the
sequent calculus. Our approach identifies a class of nested systems, called basic nested
systems, suitable for such transformations. In these systems, nested rules either create new
nestings (creation rules), or manage sequent confexts (update rules), moving formulae
to deeper nestings, with nesting depth difference exactly equal to one. This builds an
interesting connection with Avron and Lahav’s basic sequent systems [1{11]], since the
systematic separation of the behaviour of principal-auxiliary/context formulae in basic
sequent systems and creation/update rules allows for a neater way of relating sequent
and nested frameworks.

We exploit this separation of rules as follows: after creating a new nesting, upgrade
rules control the flow of formulas from the surrounding context to nestings. We show that,
if this flow is restricted to stepwise, (bottom-up) outside-in moves, then the whole block
of applications of nested rules can be seen as a single sequent rule, with the principal
and auxiliary formulae determined by the creation rule, and the context restrictions
determined by the upgrade rules. Observe that the proof strategy described above is only
possible since basic nested systems allow for a general form of the disjunction property.
We apply this method to intuitionistic, normal modal logics and negative modalities.

We believe that the material presented here is not only a mere technicality for

establishing connections between proof formalisms: on pinpointing the key differences
between sequent and nested systems, we are in fact shedding some light on the discussion
of to what extent sequent calculus is an adequate meta-language for producing analytic
systems. We thus finish the paper by showing how our ideas can be used in order to
better understand the bounds for analyticity in sequent systems.
Organisation and contributions. Sec. [2] presents the notation for basic sequent systems;
Sec[3]introduces the notion of basic nested systems and shows a normalisation procedure
for nested sequent derivations; Sec. 4] explains how to recover sequent systems from
nested ones; Sec. [5]applies our results to some example logics and brings a discussion
about nestings and cut-elimination; Sec. [6] concludes the paper.

2 Sequent systems

In [1] a family of sequent systems (called basic systems) was uniformly presented by
explicitly differentiating the context and non-context portions of a rule. The former is
defined using binary context relations and the latter via a specified rigid structure. The
advantage of such a presentation is that it allows us to relate the properties of the rule
with the formal specification of its content and non-context. We will greatly explore
this separation when relating sequent rule applications to blocks of nested derivations in
Sec.[d] In this work, we will adopt the presentation for basic systems given in [I1]. Where
convenient, we will also present sequent systems using the traditional rule schemas built
from meta-variables for formulae and sets of formulae.

Let £ denote a propositional language and wff, the set of its well formed formulae,
built using a countable set Var = {p, pi, p», ...} of propositional variable symbols.

Definition 1. A signed formula is an expression of the form T : A or F : A where
A € wff,. A sequent is a finite set of signed formulae. As in [11|], we will adopt the usual
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sequent notation I' v A, where I', A are (possibly empty) finite sets of formulae and I + A
is interpreted as the sequent {F : A|A e 'YU{T:A|A e4}.
A substitution is a function o : wff, — Wff, such that

g(V(Ay,...,Ar) =90 (Ay),...,0(Ar)

for every k-ary connective 9 of L. Substitutions extend to signed formulae (preserving
sign), sequents and (later) to nested sequents in the standard way.

A context relation is a finite binary relation on the set of signed formulae. Given
a context relation C, we denote by C the binary relation between signed formulae
C = {{o(a), o(B)) | o is a substitution, and {«, 8) € C}.

A C-instance is a pair of sequents (S 1,S 1) such that for some enumeration S| =
{ay,...,ax}and S, ={B1,...,Bc} and every 1 <i <k, it is the case that a,-E[i‘,-.

Example 2. From the trivial relation Ciq := {{F : p,F : p),(T : p, T : p)} it follows that
a signed formula is C;q-related to another iff the two signed formulae are identical. It
follows that the C;q4-instances are precisely the sets {(S,S) | § is a sequent} of pairs.

From the relation Ciy := {(F : p,F : p)} it follows that while (F : A)Cin(F : A) for
every formula A, it is not the case that (T : A)Cin(T : A). In particular, the Cj,;-instances
are precisely those sequent pairs of the form (I" +, " +). Informally, Cini-instances are
identical sequents with empty right hand side.

Let OI denote the set {IA | A € I'}. Then from Cx := {(F : p,F : Op)} it follows
that Ck-instances are precisely those sequent pairs of the form (" +, O +).

Finally, from the relation C4 := {{F : Op, F : Op)} it follows that C4-instances are
precisely those sequent pairs of the form (O +, O ).

We define the concatenation (I'y F A1) @ (I, - Ax) as ', + Ay,4,, and O ® IT as (.

Definition 3. A basic premise is a pair (S ;C) where S is a sequent and C is a context
relation. A basic rule is a pair s/S where s = {{S;; Ci)}1<i<k IS a finite set of basic premises
and S is the conclusion sequent of the rule. A basic rule is represented explicitly as:

§1:C1) -+ (Su:Cp)
S

The formulae in S; (1 <i < k) are called auxiliary formulae and the formulae in S are
called the principal formulae.

A rule with an empty set of basic premises is called an axiom. A basic sequent system
(SC) consists of a set of basic rules.

An application of a basic rule has the following form, where o is a substitution,
I I, .o I, TT] are sequents and (I, 1) is a Ci-instance for each i (1 < i < k).

oS - oSy II ,
Sl & oIl

The notion of premise, conclusion, principal and auxiliary formulae extends to applica-
tions of rules in the standard way.

A derivation in a SC is defined in the usual way as a finite labelled rooted tree: the
root is labelled by the end-sequent, the labels of each node and its children correspond
to the conclusion and premises of a rule application, and axioms label the leaves.



4 Pimentel and Ramanayake and Lellmann

F'v+AA TBrA LA+ B A BFA
————— L ——F—— TR —_ Y L
ILA—BrA TrA—B TLAANBFA
I'rA,A4 TI'vB,4 A IA,v4 TI'Br A I'rA B4 n
TrAABA R TLAVBFA L TrAvB A4 " Tira Tt

Fig. 1: Multi-conclusion intuitionistic calculus SCpy.

Example 4. The rule below on the left has principal formula p; — p», auxiliary formulae
P1, P2, and application depicted on the right

(p1 F p2; Cint) LAFB
FpL— P2 I'rA—B

Example 5. The axiom init, and the right and left weakening rules are defined as follows:

O/prp 0;Cia)/ +F p (0;Cia)/p ¥
In the presence of the above rules, the following rules can be seen to be derivable:

- I'+4
LArA4 ™ rrvas W
Remark 6. The systems that we consider will be fully structural in the sense that free
application of the schemas init and W is permitted (as originally in the definition of
basic sequent systems in [11]]). Observe that, since sequents are sets, we do not the copy
formulae in the contexts.

Fig. presents (the schema representation of) SC,y [17]], a multiple conclusion sequent
system for propositional intuitionistic logic. Observe that all rules, except —g, have
the trivial relation in the basic premises. On the other hand, the relation Cjn; in the
implication right rule enforces that the only formula in the succedent of the conclusion
is the principal formula.

In what follows, for readability, we may omit the word basic when referring to rules,
applications and systems.

3 Nested systems

Nested systems [4120] are extensions of the sequent framework where each sequent is
replaced by a tree of sequents. In this work, we will identify a family of basic nested
systems, inspired by [1413]].

Definition 7. A nested sequent is defined inductively as follows:

(i) if S is a sequent, then it is a nested sequent;
(ii) if I + A is a sequent and Gy, . .., Gy are nested sequents, then I’ + A,[G1],...,[Gk]
is a nested sequent.
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A nested rule is a pair v/ Y represented as follows, where v = {T1,..., 1)} is a finite set
of nested sequents (the premises) and T is the conclusion nested sequent of the rule.
Y o T
T

The non-context formulae in the premises are called auxiliary formulae and the non-
context formulae in the conclusion are called principal formulae.
For a sequent S = I' v 4, define S ® (F [F]) to be the nested sequent I + 4, [F].

LetS,S1,...,Sk be sequents. A basic nested rule has one of the following forms:
i. sequent-like rules
Sy - Si
S
ii. nested-like rules
(a) creation rules (b) upgrade rules*
FISi] oo+ F[Sk] FIS4]
S S [F])

*Upgrade rules must have exactly one principal and auxiliary formulae.

We will call the nestings in the premises of a creation rule its auxiliary nestings. Nestings
containing principal or auxiliary formulae are called active.

Example 8. Consider the following nested-like rules

FpiF p2] Hip ]
FpL—o P2 pr+ [+l

The first is a creation rule, with auxiliary nesting [p; + p;]; the second an upgrade rule.

Remark 9. Observe that our definition of nested-like rules restricts the rule form in three
ways. First, nested-like rules must have exactly one nesting in the premises or conclusion.
Second, information in nested rules always moves deeper inside nestings, when reading
rules bottom-up. Finally, upgrade rules move only one piece of information at a time. The
first restriction is crucial for avoiding non-determinism when defining of applications of
rules; the second one will be key for stating sufficient conditions for the linearisation
of nested systems; the third restriction is natural but not necessary. In fact, nested rules
usually are local, acting in one formula at a time. Also, upgrade rules naturally have this
shape, which will allow for the identification of upgrade nested rules as basic sequent
context relations later in Sec. [l

We will present, in Sec.[5] some examples of basic nested systems. It is worth mentioning
that every nested calculus we know that has a correspondence (in the sense of this paper)
with sequent systems is equivalent to a basic nested system. On the other hand, the
restrictions above exclude, e.g., the representation of the rules for modal axioms 5 and
B [4]. But then, there are no known simple, cut-free sequent systems for logics K5 and
KB. We will discuss some cases that fall outside our scope also in Sec. [5]
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For readability, we will denote by I, 4 sequent contexts and by A sets of nestings.
In this way, every nested sequent has the shape I - 4, A where elements of A have the
shape [ + 4", A’] and so on. We will denote by 1 arbitrary nested sequents. Application
of rules and schemas in nested systems will be represented using holed contextsE]

Definition 10. A nested-holed context is a nested sequent that contains a hole of the
form { } in place of nestings. We represent such a context as S{ }. Given a holed context
and a nested sequent 1, we write S{T’} to stand for the nested sequent where the hole { }
has been replaced by [T], assuming that the hole is removed if T is empty and if S is
empty then S{T'} = T.

For example, ("' FA{ D" + A"y =T+ AT’ + Al while { {I" + A’} =T" + A" and
TrA{ =T+ A.

Definition 11. An application of a basic nested rule is given byE]

Slor)®G) - Slo(ryeg |
Sior(T) ®G) "

where o is a substitution, G is the nested sequent context. The definition of derivations
in a NS is a natural extension of the one for SC, only replacing sequents by nested
sequents. The notion of principal and auxiliary formulae is extended to applications of
rules in the standard way.

Remark 12. In this work we will assume that nested systems are fully structural, i.e.,
including the following nested versions for the initial axiom and weakening

S{'r4,A}
S{L T 4,4 ,A, A"}

SILArd.A A M w

Also, we only consider cut-free nested systems (we will discuss cut-freeness in Sec. [5).

By treating nested contexts as sets, we are setting the context relations to be the
identity function. In this way, every basic rule having only C;q4 as contexts relations in its
premises is a sequent-like basic nested rule (and vice-versa). Note that this also implies
that basic nested rules are invertible.

Example 13. Applications of the basic rules in Ex.[8|have, respectively, the form

S{+4,A[A+Bl} _, S{TFAAN[T A4,/
S{r'tA—> B A4,A} R S{LAFA AT F AN

lift"

Fig.[2|presents (the schema representation of) NSpy [[7], a basic nested system for mLJ.

3 Observe that, since in basic nested systems nested-like rules must have exactly one nesting in the
premises or conclusion, only one hole is enough for describing both schemas and applications
of rules. Compare with, e.g., the schematic nested rule for 5 in [5].

* Throughout, we will use 7 as a superscript, etc for indicating “nested”. Hence e.g., —% will be
the designation of the implication right rule in the nesting framework.
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SIrra,AA) SILBrAA, |, SICPAAIAFBY _, SILABr44A
S{[LA > BFr 4,A} L S{irea-B4A ® S{LAABra,Ay 't

S{IrvAA4A, S(reBAA ,SILArAA, SULBrAA} , SIT-ABAA
S{I'+ AAB,4,A} R S{ILAV BF 4,A} LSsirrAvBa,A *
S{T+A4,A A4 ,A']) .
’ ’oAY Lift" <7771 J‘L
S{LAVA AT -4 A1) S{I,L+4,A)

Fig. 2: Nested system NSp.

3.1 Normal forms in NS

While adding a tree structure to sequents enhances the expressiveness of the nesting
framework when compared with the sequent one, the price to pay is that the obvious proof
search procedure may be of suboptimal complexity, since there can be an exponential
blow-up due to the nestings [4]. Hence the importance of proposing normal form
derivations and/or proof search strategies for taming the proof search space.

In this section, we will propose a normalisation procedure for basic nested sys-
tems, which will be crucial for transforming a nested sequent derivation into a sequent
derivation.

The first result states that the disjunction property holds for basic nested systems.

Theorem 14. Let NS be a basic nested system and let A; be nestings in NS. Then
F Ay, .., Ay is derivable iff + A; is derivable for some i € {1, ..., k}.

Proof. (&) Trivial due to W".
(=) Due to the shape of basic nested rules, it is immediate to see that any derivation

m of the nested sequent + Ay, ..., A; has the form
m Tt
FALLAL A e R AL AR A

FA],...,A,‘,...,A]( r
By inductive hypothesis, for each premise j, either A{ is provable forall 1 < j < hor
there is a m # i such that A,, is provable. In both cases, the result follows trivially.

This result generalises not only the disjunction property for mLJ [23]] but also for Horn
relational sequent theories for modal logics (see [24], Prop. 8.2.9).

The next definition explains how to determine the exact position of nestings and
formulae occurring in a nested sequent, as well as the nesting-size of a sequent. Intuitively,
the depth of a hole/formula is the number of nodes on the branch of its nesting tree
(inside-out measure). The depth of a sequent, however, measures the number of nodes
on a branch of the nesting tree of maximal length (outside-in measure). We will overload
the function symbol dp in order to keep the notation light.

Definition 15. The depth of S{ }, denoted by dp (S { }), is defined inductively by dp ({ }) =
0,dp(I'+A,A{ D) =1landdp(I' + 4, A, [S{}]) =dp(S{}) + 1. If aformula A € I, 4,

then the depth of A in S{I" + 4, A} is defined as dp (S{ }). Finally, the depth of a nested

sequent T, written dp (7)), is defined as the maximum depth of formulae in 1.
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For example, if S{} =T+ 4,{ }and V" = S{I'"" + A’, A, [+ B]}, thendp(S{}) = 1, the
depthof Ain T"is 1 and dp (7)) = 2.

Definition 16. Let NS be a nested system. The depth of an application of a rule r" in a
derivation (dp (r")) is the depth of the principal formula in the conclusion of r".

Example 17. In the following derivation
S{IB,C+A,A[A T+ 4,D,E]} v
SILB.CrAAAT v & DVE]L} [,

S{[LBACVvA,A[A T +4',DV E]} 1%f .
SILABACAMIT FA4,DVE]) 1t

dp (1ift") = dp (A7) = dp (S}, while dp (V4) = dp(S{}) + 1.

The next definition brings a variant of nested systems where rules can be applied only
in the deep-most nestings of a sequent (this is an adaptation to nested systems of the
similar definition for linear nested systems [16]]).

Definition 18. Let T be a nested sequent with dp(Y) < 1 and m = dp(S{}). An
application of a basic nested sequent rule r* over S{T’} is end-active if dp (r*) = m and

— 1" is sequent-like and dp (1) = 0; or
— " is a creation rule; or
— r"is an upgrade rule and dp (T’) = 1.

The end-active variant of a NS calculus is the calculus with the rules restricted to
end-active applications.

Example 19. Consider the following (open) derivations of AAB+C — D,E — (F —
G) in NS;,.

(a) (b)
A+ [B,C+DI[E+ [F+Gll _| A+[B,C+D],[E+ [FrGl] Lifen
Ar[B,C+D],[EF (F — G)] _)ff A,Br[C+D],[EF+ [F+G] _;‘
A+E — (F— G),[B,C+ D] A,B-C— D,[E+ [F+G]] K
A,B+E = (F - G),[CF D] A,BrC - D,[EF (F - G)] _)ff
AABFrE — (F— G),[C+ D] AB+C—>D,E—(F->G) K
AAB+C—>D,E—(F—-G) R AAB+FC > D,E—(F—-G) L

n
R
lift"
n
L
n

In (@), the application of the rule A} is not end-active since

dp(AABFE — (F — G),[C+ D]) = 1. In (), the topmost application of the rule —}
and the application of rule 1ift" are not end-active since

dp(A,B+C — D,[E + [F + G]]) = 2. All the other rule applications are end-active.

The schematic representation of end-active basic nested rules is as follows:

i. sequent-like rules
S{era} - Sl k4

S{Ir+ 4}
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ii. nested-like rules

(a) creation rules (b) upgrade rules
S{I-4,A,[S11} -+ S{IT'v4,A,[Sk]} S{r-4,A,[S®S']}
S{I'+4,A} S{Ir'+-4,A,[S1)

where A = {Ay,...,A;}issuch thatdp(A;) = 1 forall0 <i <.

It turns out that basic nested systems always admit end-active versions, since some
applications of rules permute. The following extends the definition of permutability to
the nested setting.

Definition 20. Let NS be a nested system, ry, r, be applications rules and 1 be a nested
sequent. We say that r, permutes down ry (r, | 1) if, for every derivation in which r,
has as conclusion T and r, is applied over one or more of r,’s premises (but not on
auxiliary formulae/nestings of r), there exists another derivation of 1 in which r, has as
conclusion T and ry is applied over zero or more of ry’s premises (but not on auxiliary
formulae/nestings of r,).

Example 21. In Ex.|19the application of the rule A7 permutes down w.r.t. =% in (a),
the same with the applications of —% and 1ift" in (b).

(@) (b)
Avr[B,C+D],[E+ [FF+G]] Ar[B,C+D],[E+ [FF+G]]
A+ [B,C+D],[E+F — G] A+ [B,C+D],[E+F — G]
A+ E— (F - G),[B,C+ D] A,B+[C+D],[E+F - G]
A B+E - (F - G),[C+ D] A, BrC - D,[E+F — (]
A,B+C - D,E - (F - G) A,B+C - D,E - (F - G)
AANAB+C - D,E - (F - G) AANAB+C - D,E - (F - G)

n n
R R
n .
R 1ift"
. n
lift" R
n n
R R
n n
L L

In the derivations above, all applications of rules are end-active. Observe that they are
different, but equivalent up-to-permutation derivations. Note also that end-activeness
implies that the deep-most implication can be unfolded only after the application of all
shallower rules.

Definition 22. Let NS be a basic nested system. In any derivation rt in NS, a sequential
block B° (nested block B") is a maximal bottom-up sequence of applications of sequent-
like (nested-like) rules in a branch of m having the same depth d. We will define the depth
of such sequential (nested) block as dp (B°) = d (dp (B") = d).

Theorem 23. Any basic nested system admits an end-active variant. Moreover, in any
end-active derivation, if B* is the immediate successor of B" then dp (8*) = dp (8") + 1.

Proof. The proof is by permutation of rules, using the fact that nested-like rules do not
modify outer sequents, hence not extruding information. For example, upgrade rules (r;)
permute down creation rules (r):
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T
S{I'+-4,A,A",[2 60,1}

T
ST AANICF61) " o SITHAANIO 6
ST FA4,AN) , b~
T ﬂ-k
SUCF ANk O} o S rAANIGr )
S F 4,4, A7)
S F 4,7, 1)

Observe that if S{I" + 4, A, A’,[Q; + O]} is provable with proof 7; then it is the case that
S{I'+4,A,A”,[Q; + 0;]} is provable with proof 7}, a weakened version of 7;.

Note that restricting systems to its end-active form is not enough for guaranteeing that
derivations occur in alternating sequent and nested blocks. Next, we define a depth first
normalisation procedure for basic nested systems.

Definition 24. Let NS be an end-active basic nested system. We say that a derivation n
of T in NS is in normal form (or 7 is a normal derivation) if, for each branch of ,

a. if B" is the immediate successor of B° then dp (B") = dp (8°),
b. axioms are applied eagerly (i.e. as soon as possible).

Example 25. The following end-active derivations in NSy are not in normal form

- rra(B.crcp ™
414 BrB ™ T.CrA.[B+C D] 1V1nft
TAv(BrB.4 1LE L.CrA[BrCvD] X,
ILArB—> B A R ILCrB— (CvD),4 R

The first since the axiom was not applied eagerly; and the second since the sequential
block of depth 1 is succeeded by a nested block of depth 0.

Theorem 26. Let NS be a basic nested system. Then any provable nested sequent T in
NS has a normal derivation.

Proof. By Theorem[23] we may consider the end-active variant of NS. The result follows
by observing that nested-like rules permute down sequent-like rules.

In Section[5] we will show representative examples of systems falling into the class
of end-active basic nested systems.

4 Recovering sequent systems

The proof of Theorem. 26| provides a way of pruning nested derivations so to reach
normal forms. However, the normalisation procedure given by Def. 24 may produce
several different normal forms (see Ex. 2T)). We will show next how to further polish the
normalisation process, so to avoid useless creation steps and output a unigue normal
form, that will allow for sequential proofs.
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Example 27. Consider the following normal-form derivation in NSp,_y, where I'; C I
and the top-most premise marks the end of a nested block (see Def. [22).

T
I'v[I',Ar v By, ..., [T, Ag + Byl
Ir[AiFBi],.. [AcFBd
I'rA — By,...,Ay — By R

lift"

Since 7 is in normal form, no rules can be applied over I". Hence, by Theorem. [T4]
I';,A; + B; is provable for some 1 < i < k. Let 71; be a normal-form proof of such sequent.
Thus the proof above can be replaced by
T
I't Ay > By,...,Aii1 & Bio1,Aiv1 = Bivi, .. Ay = By, [, Ai + Bi] Lifen
[+A > Bi,...,Ar1 > Bi1,Aii = Bit,...,Ac = Bo[Ai - Bl '
T'vA = By,...,Ar — B R

Note that, since 7 is normal, no rule can be applied to the outer context, which will be
erased in the leaves by the init" rule.

This idea can be generalised (with a trivial proof) to basic nested systems.

Lemma 28. Let NS be a basic nested system. Then every normal derivation of a nested
sequent T’ can be restricted so that exactly one creation rule is applied in any nested
block.

That is, normal derivations have alternating sequential and nested blocks with non-
decreasing depth, such that the nested blocks are restricted to one application of a
creation rule followed by possible applications of upgrade rules.

The next result shows how nested blocks are transformed into basic sequent rules.

Theorem 29. Let r. be the creation rule and r,, be the upgrade rules

FIQ O] --- F[Qkk@k]r FIY &

Cc ~ . £ r 1 ru,-
rv4 i+ Dy [H]

where {2;, @;} = {Fi},{¥;, =i} = {G, }, Fi,G; formulae, 1 < i < l. Then a nested block
consisting of the application of r. followed by applications of r,, in a normal-form
derivation corresponds to the application of the basic sequent rule

1 +01;C) ... (FOC)
I'r4

where C, = {{I : Gi,d : Fi) | 1 <i <}, I,J e(T,F}.
Proof. Any nested block consisting of the application of r,. followed by (maximal blocks
of) applications of r,, has the shape

T Ttk
S{reA,[I", 2+ 4,041} S{rvA,[I",Q+ 4,01}

S{CF4,[€,F 61]} K S{I 4,12 + 6]}

Ui

Te

S{Ir+ 4}
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K O(A — B) — (OA — OB) gATx nec

Fig. 3: Modal axiom K and necessitation rule nec.

SILAFBAA S{C-4,[I" A 41,4} _, S{+4,A,[F AL -
S{r'vrA—> B A,A} F S{LOAv AT FA],A) S{r'+4,04,A} F

Fig. 4: Nested system NSk. Rules =1, N> A7, Vi, V] and L] are the same as in Fig.

Considering that rr; is in normal form, 1 < j < k, the only active formulae in the leaves
will bein I'", Q; + A4’, ©;. Thus nested blocks transform sequents into sequents, and they
can be seen as a macro sequent-like rule. With this thinking, an upgrade nested rule r,, is
actually a context relation of the form C,, = (| : G;,J : F;), 1 <i <. Hence the result
follows.

Corollary 30. Let NS be a basic nested system which sequentialises to the sequent
system SC. Then the sequent I' + A is provable in NS iff it is provable in SC.

Example 31. In NSy, a nested block containing the creation rule —% and the upgrade
rule 1ift" has the shape

S{I'F4,[I",A+ B}
S{I'+4,[AF B}
S{rt4,A—- B R

lift"

with I'” C I'. Observe that 1ift" maps an F formula into itself and there are no context
relations on T formulae. Hence C, = Cjy, and the corresponding sequent rule is

(p1+ p2;Cint)
Fp1— P2

which is the implication right rule for mLJ. That is, sequentialising the basic nested
system NSy (Fig. [2) results in the sequent system mLJ (Fig. [I)).

5 Examples and discussion

In the previous sections we used intuitionistic logic as a running example for illustrating
our method approach. In this section we will apply the sequentialisation procedure to
other well known logical systems.

Normal modalities. The modal logic K is obtained from classical propositional logic by
adding the unary modal connective OJ to the set of classical connectives, together with
the necessitation rule and the K axiom (see Fig. [3|for the Hilbert-style axiom schemata)
to the set of axioms for propositional classical logic.

The nested framework provides an elegant way of formulating modal systems, since
no context restriction is imposed on rules. Fig. ] presents the schemata of the modal rules
for the nested sequent calculus NSk for the modal logic K [4120]. Observe that there
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DOA—-><CA TOA—>A 40A - 0ODA BA - OCAS5CA - OCA
(a) Axioms D, T, 4. (b) Axioms B, 5.

Fig.5: Axioms D, T, 4, B and 5, where <A is a short for =[0J—A.

S{r4,[AF] A S{LARAA} S{I'r4,[I", DA 4], A}
S{ILOA+4,A} S{I oA+ 4,A} S{LOA- A, [T 4], A}

NSka: {0k OJ}UA for AC{D,T,4}

Fig. 6: Nested sequent rules for {D, T, 4} extensions of K.

are two rules for handling the box operator (O, and Og), which allows the treatment of
one formula at a time. While this is one of the main features of nested sequent calculi
and deep inference in general [9], being able to separate the left/right behaviour of the
modal connectives is the key to modularity for nested calculi [22/14]]. Indeed, K can be
modularly extended by adding to NSk the nested rules corresponding to other modal
axioms.

Let us first consider the axioms D, T and 4 (Fig[5a)). Fig. [6|shows the modal nested
rules for such extensions: for a logic KA with A C {D, T, 4} the calculus NSk # extends
NSk with the corresponding nested modal rules.

Note that t" is actually a sequent-like rule. On the other hand, O} and d” are creation
rules while 07 and 4" are upgrade rules. It is straightforward to verify that NSk is basic.
Observe that 4" maps a boxed F formula into itself, O} maps F formulae into the boxed
versions and there are no context relations on T formulae. Hence C,, = Ck U Cys, and the
basic sequent rules corresponding to T, K and D (with possibly 4) are, respectively

(p +;Cia) (+ p;Ck U C4) (pF;CkUCs)
Op+ FOp apt

understanding that if the axiom 4 is not present in the logic then the relation Cy4 is
dropped. Hence sequentialising the nested system NSk # results in the sequent system
SCk# (shown as rule schemas) in Fig.

We now move our attention to the extension of K4 containing axiom 5 (Fig.[5b). The
rule 45 presented in Fig. [8]is a local rule schema for capturing the behaviour of 5 in the
presence of the nested rules for NSk (see [4] for a discussion on the decomposition of
5" in local rules). Observe that the rule 45" is an upgrade rule, hence sequentialising
the nested system NSkr45 results in the sequent system SCkrss (Fig. . Hence, since
SCkr4s is not cut-free, this implies that NSkr45 is also not cut-free (see e.g. [25]]).

The rule b” (Fig.[8), corresponding to axiom B, is not basic. Hence systems NSk
extended with this nested rule cannot be sequentialised. However, our approach gives a
good insight on the relationship between the extruding information from nestings and
cut-elimination in sequent systems (which will be discussed later in this Section).

Negative modalities. While normal modal modalities satisfy the monotone property “if
A + Bthen OA + OB”, negative modalities satisfy the antitone: “if A + Bthen OB + TA”.
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T'FA A+ 4 A+ d O, Ik +FA O, [k, A+ 4 ' A 04 are A,04
OF+0A "TLOAvrd  OLOAFr O Ol 0lFOA " Oly, 00, OA F OrvoAad °orvoaoa ®°
SCk {k} SCkr {k,t} SCkp {k,d} SCks {k4} SCkps {d4} SCyg {B} SCias {45}

(a) Seq. rules for T, D, 4. (b) Seq. rules for B, 45.

Fig. 7: Modal sequent rules for normal modal logics SCk 4, for A C {T,D, 4, B, 45}.

S{I-4,A, " FOA 4, A']} 45" S{ILAFAA I A4, AT} b
S{I'r 4, A,0A,[I" v 2/, A')} S{TrvA,A I, 0AF 4, A')}

Fig. 8: Basic nested sequent rules for axioms 45 and B.

The logic PK [12] has four 1-ary connectives -, ~, ©, &, interpreted non-locally in terms
of a Kripke model M = (W, R, V) as follows

- M,w ik <A iff M, v ¥ A for some v € W such that wRv;
- M,w - ~A iff M,v ¥ A for every v € W such that wRv;
- Mwikr AT M,w ik Aor M,w k¥ —A for — € {-, ~};

We present in Fig.[9]a proposal of a nested system for such negative modalities. Observe
that rules for ©, ® are sequent-like, the lift rules are upgrade and the rules for -, ~ are
creation rules. Hence by sequentialising NSpx we obtain the basic sequent rules

{+ p;Cpx) (p +;Cpx) (p,~p +;Ciq)
-pF Fp - op

(k p;Ciq) (F~-p;Ciq) (pr;Ciq) (~pr;Cia) (F p,~p;Ciq)
Opk Foep opF

where Cpx := {{F : p, T: =p),(T : p,F : ~p)}, which are exactly the basic sequent rules
for the system SCpg presented in [12]]. Hence NSpg is sound and complete w.r.t. the
Kripke semantics described above by Corollary [30}

Learning from failure: the case of B. The work in [15] suggests that it should be
hard, if not impossible, to define simple, cut-free sequent systems for logics with no
corresponding basic nested systemsﬂ In this work, we advocate that the sole responsible
for this impossibility are: (a) on allowing extruding formulae from nestings (when seen
bottom-up), one could gather more information, adding an extra-advantage not allowed
in the meta-language of sequents; and (b) on allowing information to “jump” over more
than one nesting level, the stepwise nature of sequents forces this information to be lost.
In fact, our sequentialisation method is heavily based on the fact that basic nested-like
rules move formulae to deeper nestings, with depth difference exactly equal to one.

For stressing these points better, we will present a relation between analytic cuts and
the lack of basic nested rules for KB (Fig. [8). The following definition shows how to
interpret nestings as formulae in the modal framework in the S5 cube.

> We observe that, in [11]] the basic sequent systems for KB and S5 were proved to be analytic
(although not cut-free).
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S{IFrA,AlFALY | SITFAA[AF]) | S{LA-Ar4,A)
S{I<ArA4,A) ~ S +4,~A,A) ~  S{[+4,0A,A)
ST A,AT FA,A A Life S{THA,AT A A, A
S{L~AFA AT FA A L ST A, <A A FA,AN])
S{Ir4,A,A) S{I+4,-A,A) S{IF4,A, ~A,A)

)

1ift)

S{I, A+ 4,4} L oSineara,4 F
S{IArA,A} S{I,~Avr A4,A} o
S{I'+ 4,04, A) R

Fig.9: Nested system NSpg.

Definition 32. The modal interpretation (o for modal nested sequents is given by

- if '+ A is a sequent, then in(I' v A) = N T — \/ 4.
- LD(Fl_As[FlFA19A1]9--~3[Fn|_An,An]):
AN > NAvOQu T -4, AD)) V...V Oy Ty F4,,A0))).

That is, the structural connective [-] is interpreted by the logical connective O.
Consider a proof of the shape

T
A AT, 0A+ 4]
T'rA,[I",0A+ 4]

bn

where 7 has no occurrences of the b” rule. We may assume that A is principal in 7,
otherwise this instance application of b” can be discarded and the results from Section 4]
apply immediately. Thus, all rules applied in 7 are basic and, by Theorem 26| we may
assume that 7 is in normal form. Hence, by Theorem 7 can be transformed into a
derivation ¢ (7) of the sequent A,I" + A, 0 (A I’ A OA — \/ 4”). Now, the following is
derivable in KB

oAr 4,04 Mt oy
%, 9
FAT'ADAS VAL DA | BT o ()
FOWI"ADA - \V4A'),A AT+-4,0ANT"ANOA - VA" ‘
cu

I'rAd,0(ANT"ANOA -\ A)

That is, the end-active application of the b" rule in NSkg can be mimicked by a proof
in KB with an analytic cut whose cut-formula is the auxiliary formula in b”. This
establishes a (so far, weak) connection between nested derivations and analytic cuts in
sequent calculi for KB. Generalising this correlation is an ongoing work.

6 Conclusion and future work

A common theme in recent structural proof theory is the development of new proof
formalisms generalising and extending the sequent calculus, in order to present analytic
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proof calculi for the ever growing number of logics of interest. This work considers the
reverse direction: how can we transform an analytic nested calculus into an analytic
sequent calculus? Given that the nested sequent calculi generalise the sequent calculus,
and because the former has been used to present logics that have defined presentation in
the latter, an underlying aim of this work is to identify general characteristics that make
nested calculi “sequentialisable”. In doing so, we open a new insight into the discussion
of the bounds for analyticity in sequent systems.

There are many ways of continuing this research topic. First of all, since we showed
how to transform nested into sequent systems it would be interesting to ask: how about
the other way around? Or: when it is possible to transform basic sequent rules into
basic nested rules? This would allow for the automatic generation of (analytic, possibly
cut-free) nested systems from sequent systems. One possible attempt would be analysing
if the Kripke-style semantic interpretation of basic sequent systems given in [[L1] can
lifted to the nestings-as-worlds interpretation of nested systems [7U19].

Another path worth investigating is if our approach entails negative results, such
as the impossibility of cut-free basic systems for KB, for example, as a generalisation
of results in [15]. Not mentioning developing further the relationship between the
introduction of cuts in sequent calculi and the need for nested-like rules in nested
systems, discussion we have started here.

Finally, we would like to analyse to what extend our setting can handle other systems,
such as the known ones for non-normal modal logics, GL and PDL.

Acknowledgments. We would like to thank Agata Ciabattoni for our fruitful discussions
and the anonymous reviewers for their valuable comments.
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